Origami has enabled new approaches to the fabrication and functionality of multiple structures. Current methods for origami design are restricted to the idealization of folds as creases of zerothorder geometric continuity. Such an idealization is not proper for origami structures of non-negligible fold thickness or maximum curvature at the folds restricted by material limitations. For such structures, folds are not properly represented as creases but rather as bent regions of higher-order geometric continuity. Such fold regions of arbitrary order of continuity are termed as smooth folds. This paper presents a method for solving the following origami design problem: given a goal shape represented as a polygonal mesh (termed as the goal mesh), find the geometry of a single planar sheet, its pattern of smooth folds, and the history of folding motion allowing the sheet to approximate the goal mesh. The parametrization of the planar sheet and the constraints that allow for a valid pattern of smooth folds are presented. The method is tested against various goal meshes having diverse geometries. The results show that every determined sheet approximates its corresponding goal mesh in a known folded configuration having fold angles obtained from the geometry of the goal mesh.
Introduction
Origami, the ancient art of folding initially planar sheets into diverse shapes, has gathered increasing attention from researchers in various fields [1] [2] [3] . Origami offers engineers novel ways to fabricate, assemble, store and morph structures [4, 5] . Potential engineering advantages of origamiinspired structures include compact storage/deployment capabilities [6, 7] , potential for reconfigurability [8] [9] [10] , and reduction in manufacturing complexity [11, 12] . Applications of origami-inspired structures include: various space structures [13] , electronic components [14] , robots [15] , shelters [16] , biomedical devices [17] and many others [4, 18] .
The study of the kinematics of origami structures is an active research topic and has been investigated by various researchers [19] . Two main assumptions have been made in the development of mathematical models for the kinematics of origami structures to date [19] [20] [21] : that folds are straight creases having zeroth-order geometric continuity (termed as creased folds), and that planar faces bounded by the folds and the sheet boundary are rigid (i.e. these faces are neither bent nor stretched). For example, Belcastro & Hull [20, 21] presented a model for origami structures having creased folds and rigid faces derived by representing the deformation associated with folding using affine transformations.
Creating an origami structure having desired characteristics, a desired shape in particular, is known as origami design [22] . Origami design is a challenge encountered not only by origami artists but also by designers and engineers who apply origami in various fields. Before obtaining extensive interest from various research communities, most origami design was performed through trial and error or other heuristic approaches based on the intuition of an artist or designer [23] . With the increase in complexity of origami shapes that provide engineering utility, computational methods for the design of origami structures have become essential for developments in this area of study [1, 5, 23] . As in most kinematic models for origami structures, current methods for origami design consider rigid faces and creased folds [24, 25] . For example, one of the most well-known methods for origami design is the tree method [23] . The tree method generates a pattern of creased folds on a squared sheet that allows for the folding of the sheet into a base, a folded shape whose projection to a plane is the tree line graph of the goal shape.
A method for determining the geometry and pattern of creased folds associated with a planar sheet that can fold towards a goal polyhedral surface is termed as unfolding polyhedra [1, 26] . The objective in this method is to determine an unfolding of the goal polyhedral surface [1] . An unfolding is defined as the flattening of the goal polyhedral surface to a plane such that the surface becomes a planar polygon having boundary segments that correspond to cuts made on the polyhedral surface [1] . Generally, the unfolding must be a single simply connected polygon having no overlaps and the cuts must correspond to edges of the goal polyhedral surface. A drawback of this approach is that it has been demonstrated that there are non-convex polyhedra which do not have unfoldings with the mentioned characteristics [1] . It also remains an open question whether the method of unfolding polyhedra works for any goal convex polyhedral surface [1] .
The currently available method for origami design applicable to the widest range of goal shapes was introduced by Tachi in [22, 27] . In such studies, Tachi presented a method for obtaining a pattern of creased folds in a convex planar sheet that folds into an arbitrary three-dimensional goal shape represented as a polygonal mesh [22, 27, 28] . The method is based on the introduction of regions having two rigid faces and three creased folds placed between any two faces of the polygonal mesh connected by an interior edge. The creased folds are used to tuck fold such introduced regions to form the three-dimensional polygonal mesh starting from a planar sheet [27] . This method is shown to successfully work on goal polygonal meshes (convex and non-convex) of various complexities in terms of number of faces and non-regular connectivity.
Although the aforementioned kinematic models for origami and methods for origami design (among other more recent ones [25, 29] ) allow for the simulation and design of origami structures having various complexities, they assume that the sheet only contains creased folds. Such a simplification may not be appropriate for structures having non-negligible fold thickness or constructed from materials that do not provide sufficient strain magnitudes for a creased idealization. Examples of these structures include foldable thick metallic sheets [30] and selffolding sheets having actuation provided by active materials such as shape memory alloys (SMAs) [31] and shape memory polymers (SMPs) [32] . For structures having such characteristics, the folded regions are not properly represented as creases but instead as bent regions in the sheet exhibiting higher-order geometric continuity. These bent regions of arbitrary order of geometry continuity are termed herein as smooth folds [33, 34] .
In the modelling and design approaches for origami considered here, the previously mentioned assumption of rigid faces is maintained while the assumption of creased folds is replaced by the introduction of smooth folds. A model for the kinematics of origami structures with smooth folds and rigid faces was fully addressed by the authors in [33] . There, a detailed description of the geometry of smooth folds having arbitrary order of geometric continuity and their associated kinematic variables were provided. Kinematic constraints for such variables allowing for valid configurations were also presented. In addition, the mapping between reference and current configurations fully determined by the kinematic variables of the smooth folds was also derived. Finally, Peraza et al. [33] provides an approach for kinematic simulation of origami structures with smooth folds having arbitrary reference configuration and subject to arbitrary folding motion. Such a model and simulation approach are described in more detail in §2. In [34] , the authors presented a model for the elastic response of origami structures with smooth folds. However, the design of origami structures considering smooth folds has not been addressed in the aforementioned studies [33, 34] .
The main contribution of this work is a novel method for origami design having its inspiration from that presented by Tachi in [22, 27] but considering smooth folds as opposed to creased folds. The method aims to solve the following origami design problem: given a goal shape represented as a polygonal mesh (the goal mesh), find the geometry of a single continuous planar sheet, its pattern of smooth folds, and a history of folding motion from the determined planar sheet configuration to a folded configuration that approximates the goal mesh. A process for determining a history of folding motion from the determined planar sheet configuration to the folded configuration that approximates the goal mesh has not been previously addressed in [22, 27] . Therefore, the determination of such a history of folding motion addressed here represents another contribution of this work and is applicable to both origami with smooth folds and conventional origami with creased folds. The present method for origami design can be applied to foldable thick metallic sheets [30] , self-folding sheets with actuation provided by active materials [31, 32] , and other structures having localized deformation at bent folded regions [35] . A method for designing planar sheets having bent folds that allow for approximation of threedimensional goal meshes was presented in [36] . There, given a three-dimensional goal mesh, the method determines an approximating developable mesh by altering node positions and cutting certain edges. The design method presented here also considers smooth folds and requires certain modifications of the given goal mesh. However, the mesh modifications executed in this work do not provide an approximate developable mesh but rather exist only to accommodate smooth folds (refer to §4a). The normal vectors and the corner angles of the original goal mesh faces and the modified faces are identical in the present method, in contrast with the method presented in [36] .
The outline of this paper is as follows: a review of the main aspects of the kinematic model for origami with smooth folds presented by the authors in [33] is provided in §2. The description of the origami design problem addressed here is presented in §3. The novel design method for origami with smooth folds proposed in this work is described in detail in §4. A numerical procedure used to determine valid planar sheet designs is outlined in §5. Further discussion of the presented method for origami design is provided in §6. A description of the process for obtaining a history of folding motion allowing the determined sheet to approximate the goal mesh is presented in §7. Results illustrating the capabilities of the proposed design method are presented in §8 and concluding remarks are provided in §9.
Kinematics of origami structures with smooth folds
The main definitions and aspects of origami with smooth folds are briefly reviewed in this section. A detailed description of a modelling approach for origami with smooth folds is provided in [33] . The continuum body considered in origami with smooth folds is denoted as the sheet and is a three-dimensional, path-connected, orientable surface with boundary. The sheet is divided into various surface sub-domains denoted as the faces and the smooth folds. The orthonormal vectors e i ∈ R 3 , i ∈ {1, 2, 3}, with e 3 := e 1 × e 2 form the basis {e 1 , e 2 , e 3 } that defines the fixed global coordinate system. The reference configuration of the sheet is denoted S 0 and is defined such that it is contained in the plane spanned by e 1 and e 2 with its surface sub-domains not overlapping each other. The configuration of the faces and the smooth folds in S 0 are, respectively, denoted as
. . , N P } (where N F and N P are the number of smooth folds and faces in the sheet, respectively). Therefore, S 0 = (
. The side of S 0 with normal e 3 is selected as the positive side of the sheet. A current configuration of the sheet is denoted as S t , where the parameter t indicates the history of deformation from the reference configuration (t = 0) to a current configuration (t > 0). The configuration of the faces and the smooth folds in S t are, respectively, denoted as
). The following definition of valid configurations is then introduced: Definition 2.1 (Valid configuration [33] ). A valid current configuration S t has the following characteristics: (i) the faces have undergone only rigid deformations (i.e. they are neither bent nor stretched), (ii) the sheet is not torn (initially joined surface sub-domains of the sheet remain joined), and (iii) the sheet does not self-intersect.
(a) Geometry of smooth folds
Definition 2.2 (Smooth folds).
The smooth folds are ruled surfaces of the following form [33] :
where A non-rigid deformation of the sheet is achieved by rotating pairs of faces joined to smooth folds relative to one another in such a manner that the sheet only attains valid configurations during this deformation. One of the kinematic variables associated with a smooth fold describes the relative rotation between the two faces joined by such a fold and is denoted as the fold angle (figure 1):
Definition 2.4 (Fold angle).
The fold angleθ i (t) is defined as π minus the dihedral angle between the positive sides of the two faces joined to the ith smooth fold.
The dependence of the fold angles on t is taken as implicit for the remainder of the paper unless otherwise noted. As the faces of the origami structures are assumed planar and rigid (see Definition 2.1), the order of geometry continuity of the origami structures is considered in Continuity conditions and parametric formulations of the curves c i (ζ 1 ) for various orders of geometric continuity are provided in [33] . Schematics of folds having various orders of geometric continuity and their associated signed curvature fields κ(s) as functions of arc-length are shown in figure 2 . Only continuity of position is required for G 0 continuity (figure 2a). Such a case corresponds to conventional creased folds. Continuity of position and tangent vector is required for G 1 continuity (figure 2b) [37] . Continuity of position, tangent vector and signed curvature is required for G 2 continuity (figure 2c). Structures having discontinuities of thickness and/or materials at the interface between the faces and the smooth folds would exhibit discontinuities in curvature at such location and thus would have G 1 continuity (figure 2b) while those without such discontinuities would have G 2 continuity (figure 2c The total arc-length of a fold is denoted asŝ i . If the curve c i (ζ 1 ) is reparametrized by arc-length s, the following relation between fold angleθ i and the curvature field of the fold cross section holds:
The current distance between the endpoints of c i (ζ 1 ) and is denoted asŵ î
and the fold width is denotedŵ 0 i and is defined as the value ofŵ i in the reference configuration. The reference configuration of the smooth fold F i 0 can be fully defined by the endpoints of its fold centerline (termed as vertices [33] ) having position vectorsv ij ∈ span(e 1 , e 2 ), j ∈ {1, 2}, the fold widthŵ 0 i , and the length parametersr i j , j = 1, 2 (refer to figure 1a ). For simplicity in the simulation of origami with smooth folds, assumptions on the extensibility and curvature field of the curve c i (ζ 1 ) are taken such that the overall deformation of a smooth fold becomes solely a function of its fold angleθ i . As such, the configuration of the sheet is fully defined by the set of fold angles {θ i | i ∈ {1, . . . , N F }}. The vectorθ ∈ R N F is constructed by collecting the fold angles of the sheet as follows:θ
(2.4)
(b) Constraints
As in conventional origami with creased folds [20, 21] , constraints are required for origami with smooth folds to ensure that every current configuration S t is valid 2 (according to Definition 2.1). Such constraints are presented in detail in [33] and summarized in this section. First, let the angles between centrelines of folds adjacent to a common interior fold intersection be denoted as α jk , j ∈ {1, . . . , N I }, k ∈ {1, . . . , n j }, where N I is the number of fold intersections in the sheet and n j is the number of folds adjacent to the jth interior fold intersection. A schematic illustrating these angles is provided in figure 3a . From figure 3 , it is noted that fold intersections in origami with smooth folds correspond to holes in the sheet [33] while in conventional origami with creased folds the fold intersections correspond to single vertices [20, 21] . Developability allows a surface to be flattened onto a plane without stretching or overlapping [38] and requires that the following constraint for the angles α jk [39] :
The variables θ jk and w jk , j ∈ {1, . . . , N I }, k ∈ {1, . . . , n j }, are those fold kinematic variables associated with the kth smooth fold adjacent to the jth interior fold intersection. These variables are obtained respectively fromθ i andŵ i , i ∈ {1, . . . , N F }, via a connectivity matrix (see [33] for details). Let γ j (η) : [0, 1] → S 0 be a simple closed path enclosing the jth interior fold intersection and crosses each smooth fold adjacent to the fold intersection once in counterclockwise order. An example of a path γ j (η) is shown in figure 3b . The vectors w jk ∈ span(e 1 , e 2 ) are those connecting the points where γ j (η) enters and exits each smooth fold and l jk ∈ span(e 1 , e 2 ) are those connecting the points where γ j (η) enters and exits each face as shown in figure 3b . Let R i (φ) ∈ R 3×3 be the transformation matrix associated with a rotation by φ about an axis of rotation aligned to e i . For the initially closed strip of faces and smooth folds joined to the jth interior fold intersection to remain closed with each face undergoing a rigid deformation, the following constraints must hold 3 :
which states that the rotation resulting from the ordered folds adjacent to the fold intersection is equal to the identity transformation, and
which states that the translation vector resulting from the ordered folds adjacent to such an intersection is equal to the zero vector. The vectorsw jk andl jk correspond to the vectors w jk and l jk expressed in the coordinate system with the one-axis aligned with the fold centreline of the kth fold and the three-axis aligned with e 3 . Only such constraints are required given the assumed deformation of the smooth folds (only stretching and bending of their cross section). The centrelines of the smooth folds adjacent to a fold intersection do not have to intersect at a common point for such constraints to be applicable. The derivation for the constraints provided in equations (2.6) and (2.7) is presented in [33] and is not included here for the sake of brevity. For the special case of origami with creased folds, only the constraint in equation (2.6) is required to ensure valid configurations (refer to [33] for details).
(c) Kinematic simulation
The problem of kinematically simulating origami structures with smooth folds, which is fully addressed in [33] , can be summarized as follows:
-Given: the geometric parameters that describe the fold pattern in a reference configuration S 0 (vertex position vectors and fold widths, refer to figure 1a), and guess fold angle increments
-Find: the set of fold angles {θ(t) ∈ R N F | t ∈ {t 1 , . . . , t n }} that satisfy the kinematic constraints presented in equations (2.6)-(2.7) closest to those resulting from the given fold angle increments, and the set of current configurations attained by the sheet {S t | t ∈ {t 1 , . . . , t n }}. . . . Figure 4 . An origami sheet with smooth folds in its reference configuration S 0 , intermediate configuration S t k , and final configuration S t n . This result illustrates the capabilities of the kinematic simulation approach for origami structures with smooth folds presented in [33] . (Online version in colour.)
The numerical approach utilized to solve the aforementioned problem is presented in [33] . Figure 4 illustrates the capabilities of such a kinematic simulation approach for origami structures with smooth folds. The figure shows the reference configuration S 0 and two current configurations S t k and S t n of a sheet having an arbitrary fold pattern subject to an arbitrary history of folding motion. This kinematic simulation approach is also adopted in this paper as described in the subsequent section and motivates the adopted approach to origami design.
Origami design problem description
As stated in §1, creating an origami structure having the desired characteristics, particularly a desired shape, is known as origami design [22] . Origami design is a challenge currently faced by designers and engineers who apply origami in various fields. This paper presents a novel method that aims to solve the following origami design problem: -Given: a goal shape represented as a polygonal mesh (termed as the goal mesh M), -Find: the geometry of the reference configuration S 0 of a single planar sheet, its pattern of smooth folds, and a history of folding motion from S 0 to a folded configuration that approximates M.
The method for origami design proposed in this paper is inspired from that provided by Tachi in [22, 27] but allows for the consideration of smooth folds, as opposed to only creased folds addressed in [22, 27] . As previously noted, a process for determining a history of folding motion S 0 to a folded configuration that approximates M was not addressed in [22, 27] . Therefore, the determination of such a history of folding motion represents another contribution of the present work and is applicable to both origami with smooth folds and conventional origami with creased folds. However, it is noted that when creased folds are considered, the interior fold intersections (that are holes in the sheet for the present method) may rather be filled with sheet regions containing specialized patterns of creased folds [22, 27] regions is very complex as noted in [22] and therefore the present approach for determination of a history of folding motion (refer to §7) is not applicable in such a case. Nevertheless, if holes are included at the fold intersections as in the design method presented here, the proposed approach for determination of a history of folding motion can be applied to origami structures with smooth or creased folds. The steps in the proposed method for origami design are the following:
(i) If the given polygonal mesh is not topologically equivalent to a disc [22] , edge cuts introducing additional boundaries ∂M C are applied (see section 2.2.1 of [22] for details and additional references regarding the mesh cut procedure). Further boundary edges forming ∂M C can also be introduced as long as the resulting mesh satisfies the aforementioned topological property. A goal mesh M with boundary 
. The challenge in this step is to determine the geometry of the edge modules given the information of M and the fold widths of the smooth folds in each edge module (i.e.ŵ 0 i , i ∈ {1, . . . , 3N I E }) such that a valid reference configuration S 0 is obtained (refer to §2) and such a sheet can approximate M in a known goal configuration S (S for the example shown in figure 5 is shown in figure 6 ) (iii) The final step entails the determination of a history of folding motion from S 0 to the goal configuration S . As described in §2c, the simulation of the motion of the sheet is performed in a sequence of increments. Thus, the challenge in this step is I E | l ∈ {1, . . . , n}} leading to a set of fold angles {θ(t) ∈ R 3N I E | t ∈ {t 1 , . . . , t n }} that results in the set of configurations {S t | t ∈ {t 1 , . . . , t n }, S t n = S }. Figure 6 shows configurations attained by the sheet from the example in figure 5 during a determined history of folding motion from S 0 to S . This work addresses (ii) and (iii) of the previous list (i.e. determination of S 0 given M and fold widthsŵ 0 i , i ∈ {1, . . . , 3N I E }, and subsequent determination of a history of folding motion from S 0 to S ). Algorithms to determine a boundary that yields a surface mesh topologically equivalent to a disc are available in the literature [22, 40] and are not the subject of this work.
Design method
As described in §3, the design method proposed herein aims first to determine the geometry of a planar sheet configuration S 0 and its pattern of smooth folds that approximates a given threedimensional surface goal shape represented as a polygonal mesh M in a known configuration (denoted as the goal configuration S ). The method is based on the previously known idea of using folds to create flaps that are tucked in order to morph an initially planar sheet towards an arbitrary three-dimensional shape [22, 27] .
The goal mesh M is a three-dimensional polygonal mesh topologically equivalent to a disc and having a boundary denoted as ∂M. The polygonal faces forming
The boundary of the originally given mesh is denoted ∂M O (refer to figure 7). For a given mesh that is not topologically equivalent to a disc, interior edges of such a mesh are assigned as boundary edges forming a boundary ∂M C in order to obtain a goal mesh M that has a single continuous boundary ∂M = ∂M C ∪ ∂M O (see the example shown in figure 7 ). It is noted that the assignment of boundary edges forming ∂M C may not only be used to generate a valid goal mesh M but also to obtain different sheet reference configurations for the given mesh. Criteria for determining an optimal boundary ∂M is not currently addressed but can be found in the literature [22, 40] .
An example of a simple goal mesh M is shown in figure 8 . The goal mesh has N N nodes and N E edges (N N = 25 and N E = 56 for the goal mesh shown in figure 8 ). The number of interior nodes, i.e. those not contained in ∂M, is denoted N I N . As stated in the previous section, each node in M has an associated position vectorŷ i ∈ R 3 , i ∈ {1, . . . , N N } 5 . Each polygonal face M j is defined by its ordered associated nodes. Therefore, the input data required to define M is the following: (i) the node position vectorsŷ i , i ∈ {1, . . . , N N }, and (ii) the index list of the nodes associated with each polygonal face M j (in a counterclockwise ordering which is adopted in this work). The connectivity matrices obtained from this input data and the mappings among various parameters and variables used in this work are provided in electronic supplementary material, section A. The steps towards determining a planar sheet having smooth folds that morphs towards the input goal mesh and its subsequent kinematic analysis are illustrated in figure 9 . A simple example of a goal mesh M is presented in figure 9a . The faces M j are initially trimmed to account for the gap that will be created by the tucked edge modules (figure 9b). The face trimming process is described in detail in §3a. The trimmed mesh is denoted as M and its associated trimmed faces
The method proceeds by determining the geometry of the edge modules ( figure 9c) two rigid faces and are designed such that the faces M j together with these edge modules can be placed as a connected surface on the plane spanned by e 1 and e 2 . Such a resulting planar surface corresponds to the sheet reference configuration S 0 (figure 9d). A possible extension of the proposed design method could consider the replacement of certain edge modules by single smooth folds and thus allow for simplification of the determined sheet designs and reduction of the total number of folds. However, here the approach of [22, 27] is taken where an edge module is applied for each interior edge of the goal mesh due to its wide applicability to a range of origami structural design problems. The aforementioned extension is strongly recommended for future studies.
During folding motion of the designed sheet, each edge module is tucked to morph the sheet towards its goal configuration S for which the folds angles are known from the goal mesh data (figure 9d). Note that M ⊂ S under appropriate rigid transformations. A view of the tucked edge modules, that are designed such that they do not intersect in the goal configuration, is shown in figure 9e .
Let
be the vectors connecting the jth interior node to its kth adjacent node, defined in counterclockwise order, where n M j is the number of faces connected to the jth interior node (figure 10). These vectors are readily determined from the provided input data (see electronic supplementary material, section A.3). The parameters associated with the faces of M having a common interior node are the face angles φ jk and the face unit normal vectors n jk ∈ R 3 , j ∈ {1, . . . , N I N }, k ∈ {1, . . . , n M j }. These parameters are determined respectively as follows:
(a) Face trimming
A side view of a tucked edge module is shown in figure 11 . It is assumed that each edge module is tucked in a symmetric manner and therefore the exterior folds for each edge module (folds 1 and 3 in figure 11 ) have the same values for their geometric variables at S . The interior fold (fold 2 in figure 11 ) has a fold angle of π when the edge module is tucked at S . It is observed in figure 11 that due to the bending deformation of the smooth folds (as opposed to creasing), a gap results between two mesh faces connected to the edge module in the goal configuration S . To account for this gap, the faces of the goal mesh are initially recomputed to generate the trimmed mesh as shown in figure 9b . The removed regions compensate for the gaps and have an associated lengtĥ l i , i ∈ {1, . . . , N I E }, as shown in figure 11 . To define these removed regions, first the edge dihedral angleΘ i ∈ (0, 2π ), i ∈ {1, . . . , N I E }, is calculated as follows ( figure 11 ):
wheren i1 andn i2 are the unit normals of the faces adjacent to the ith interior edge. Letŵ I i be the distance between the cross-section endpoints of the interior fold in the ith edge module at S , respectively (figure 11). Also, let w E i be the distance between the cross-section Let n C j be the number of corners of the goal mesh polygonal face M j . Also, letỹ jk ∈ R 3 , k ∈ {1, . . . , n C j }, be the position vectors of the nodes corresponding to the corners of M j , ordered counterclockwise. 6 The position vectors of the corner points of the trimmed face M j , denoted y jk ∈ R 3 , k ∈ {1, . . . , n C j }, are determined as follows (refer to figure 12a): where the interior corner angles of M j denoted asφ jk are determined as follows:
andl jk , k ∈ {1, . . . , n C j }, is the trim length associated with the kth edge of M j . The mapping from the edge trim lengthsl i , i ∈ {1, . . . , N I E }, to each setl jk , k ∈ {1, . . . , n C j }, is provided in electronic supplementary material, section A.2.
Only the length of the edges of M j is altered by the face trimming process, while its corner angles remain unchanged under the condition stated in the following proposition: 
and the square of the magnitude of the vector (ỹ jk+1 −ỹ jk ) ⊥ is given as: 
(4.9)
(b) Design parametrization and constraints
As all fold widths are assumed given (refer to §3), the fold widths of the interior and exterior folds of each edge module in the planar reference configuration S 0 , respectively, denoted aŝ w I0 i andŵ E0 i , are inputs to the design problem (figure 13a). In practice, the fold widthsŵ I0 i andŵ E0 i , i ∈ {1, . . . , N I E }, are determined such that the smooth folds comprised of a specific material are able to achieve their required fold angles at S (figure 11). Such a physically-based determination of the fold widths is a topic of future work.
In addition to the information regarding fold widths, each edge module in the designed sheet is parametrized by two variables corresponding toŴ i andψ i . These variables are schematically shown in figure 13a . The modified edge module accounting for the change in edge lengths due to face trimming (refer to §3a) is presented in figure 13b . The parametersd i nm , n, m ∈ {1, 2}, shown therein correspond to those parametersd jk m , m ∈ {1, 2} (see equation (4.9)), of the two faces connected to the ith interior edge (refer to electronic supplementary material, section A.3 for the mapping among such sets of variables).
Let W jk and ψ jk , j ∈ {1, . . . and:
Proof. Let b jk ∈ span(e 1 , e 2 ), k ∈ {0, . . . , n 
Also define Q 3 (φ), T(b) ∈ R 4×4 as the matrices in homogeneous coordinates associated with a rotation by φ about e 3 and a translation by b ∈ R 3 , respectively Such a transformation can be expressed in homogeneous coordinates as follows: It follows that the composition of transformations presented in equation (4.14) associated with crossing the edge modules with angles ψ jk , k ∈ {1, . . . , n M j }, must be identity transformation for these surfaces, along with the faces with corner angles φ jk , k ∈ {1, . . . , n M j }, to form a closed strip
The equation above holds if n M j k=1 (φ jk + ψ jk ) = 2π n with n ∈ Z. Specifically, n must be equal to 1 for the closed strip to be developable [38, 41] In addition to the loop closure constraints provided in Proposition 4.2, other constraints must be imposed to ensure that the geometry of each individual edge module is valid. For instance, the interior fold (having fold widthŵ I0
i , see figure 13a ) and the faces of an edge module degenerate to straight line segments ifψ i reaches ±π (refer to figure 13a) . Therefore, the following bounds must be imposed for this variable:
Furthermore, the exterior folds (each having fold widthŵ E0 i , see figure 13a ) of an edge module must not overlap with the interior fold. This requirement yields the following constraint (refer to figure 13a-b): Intersections are not allowed in valid configurations (cf. Definition 2.1) and must be avoided when adjacent edge modules are tucked in the goal configuration S . To preclude such intersections in S , certain regions of the edge modules are removed (figure 13c) such that each edge module does not intersect any of its neighbouring edge modules. Such a process is denoted as edge module trimming and is summarized in electronic supplementary material, section B. Figure 15 shows the importance of the edge module trimming process. If the edge module trimming process is not considered and the edge module geometry is as given in figure 13b , adjacent edge modules intersect at the goal configuration S as observed in figure 15d . However, if the edge module trimming process is considered and the geometry of the edge modules is as illustrated in figure 13c , no intersections among adjacent edge modules occur as shown in figure 15g . The anglesτ i 1 andτ i 2 , i ∈ {1, . . . , N I E }, are introduced to determine the trimmed regions the ith edge module as shown in figure 13c. These angles are obtained from their corresponding values in the set of angles τ jk , j ∈ {1, . . . , N I N }, k ∈ {1, . . . , n M j } (determined using the approach presented in electronic supplementary material, section B). Each edge module must remain connected after edge trimming. This requirement is satisfied if the following inequality holds for each edge module (refer to figure 13c) 8 :
It is noted that if (τ i 1 +ψ i /2) < 0 or (τ i 2 −ψ i /2) < 0, these angles are set to 0 to prevent any increase in area of the edge modules during this process. Equation (4.18) yields the following constraint:
The preceding equation provides N I E additional inequality constraints. In summary, the proposed design method introduces 2N I E design variables corresponding toŴ i andψ i , i ∈ {1, . . . , N I E }. The loop closure constraints (equations (4.10) and (4.11)) provide 3N I N equality constraints. Equations (4.16), (4.17) and (4.19) allowing for valid edge module geometries and selfintersection avoidance in S provide 4N I E inequality constraints. The subsequent section describes the numerical implementation procedure used to determine a set of design variables that satisfies the aforementioned equality and inequality constraints. Table 1 . Numerical procedure used to determine a set of design variables that satisfies the constraints of the proposed design method. 
1:
Set l ← 1 and provide initial guess 1 D
2:
Determine l+1 D using equation ( 
Numerical implementation
Given the goal mesh M, the node coordinates of M and the mesh connectivity data (see electronic supplementary material, section A) are utilized to compute all the geometric parameters presented in the preceding section. Subsequently, the iterative numerical procedure presented in this section is used to determine a set of design variablesŴ 
where the max(·, ·) operator in the previous equation is applied component-wise. At the
where tol is a numerical tolerance), the design variables are corrected using the generalized Newton's method as follows: Table 1 summarizes the procedure used to determine a set of design variables that satisfies the constraints of the proposed design method.
Discussion
A discussion of the requirements for the existence of determined sheet reference configurations is presented in this section. Uniqueness of determined sheet reference configurations is also discussed.
For the present design method to be applicable to a given goal mesh M, it must be an orientable manifold mesh. The goal mesh M must be a manifold mesh because in the present design method each edge in M is assumed to be located either at ∂M or connecting two faces of M. Orientability of M is also required because the faces of M , that have the same orientation as those of M (see Proposition 4.1), are mapped into a common plane in S 0 . As S 0 is orientable, M must also have this property.
The face trimming process described in §3a must not degenerate any face of M. This is clearly 
The expressions ford figure 16 . For the special case of creased folds that have zero fold width, face trimming is not required and such a requirement is trivially satisfied (see the leftmost schematic in figure 16 ). For any other case where the width of the folds is non-zero, the size of the goal mesh is subject to the following constraint:
A solution to the equality constraints (equations (4.10) and (4.11)) must be contained within the bounds of the design variables (equations (4.16), (4.17) and (4.19) ). The necessity for such a requirement is evident. The number of degrees of freedom (N d.f. ) in the design problem is given as follows:
where 2N I E is the number of design variablesŴ i ,ψ i , i ∈ {1, . . . , N I E }, and 3N I N is the number of equality constraints. It is assumed in equation (6.3) that there are no redundant equality constraints and that the inequality constraints in equations (4.16), (4.17) and (4.19) permit solutions to the system of equations (4.10) and (4.11). The number of interior edges N I E is additively decomposed as follows: 4) where N Im E , m ∈ {0, 1, 2}, is the number of interior edges connected to m interior nodes. Also consider the following equality:n following relation between d.f. and number of interior edges is obtained:
For example, a structured triangular mesh withn M = 6 has
which is always greater than 0 and a structured quadrilateral mesh withn M = 4 has
E which is also always greater than 0. Therefore, the existence of a set of design variablesŴ i ,ψ i , i ∈ {1, . . . , N I E }, that satisfies the design constraints is generally dependent on the inequality constraints (equations (4.16), (4.17) and (4.19) ).
Another requirement is that S 0 must not have any overlapping regions. This is needed since the reference configuration S 0 must be planar and have no overlapping sub-domains (see §2).
The following proposition provides a requirement on M that prevents overlaps of adjacent edge modules having a common interior node: Proposition 6.2. To prevent overlaps of adjacent edge modules in S 0 associated with a common interior node in M, the face angles associated with such an interior node must satisfy the following constraint:
If a face angle of an interior node in M is concave (i.e. if φ jk > π), the edge modules connected to such an interior node overlap in S 0 , which is not allowed. Figure 17 illustrates this requirement. Overlaps in S 0 are partially precluded provided that equation (6.7) holds for a goal mesh M and equation (4.17) holds for each edge module. However, no conditions preventing overlaps of edge modules not sharing a common node, nor preventing overlaps among surface sub-domains not associated with a common interior edge, are currently considered in the present design method. Nevertheless, it is shown in §8 that the considered constraints and implementation of the proposed design method successfully allow for the determination of sheet reference configurations S 0 free of overlapping for goal meshes of various complexities.
For a determined sheet reference configuration, it is also required that S must be a valid configuration (see definition 2.1). This requirement is partially accounted for through the edge module trimming procedure (refer to electronic supplementary material, section B) that prevents intersections of edge modules associated with a common interior node of M. However, no constraints are currently imposed to preclude intersections of sub-domains of S that are not associated with a common interior node in M at S . Nonetheless, it is also shown in §8 that the proposed design method successfully allows for the determination of goal configurations S having no overlaps for goal meshes of various complexities.
Finally, for a determined sheet reference configuration it is required that there is a continuous set of valid configurations from the reference configuration to the goal configuration: Regarding the uniqueness of determined sheet reference configurations, assuming that the inequality constraints in equations (4.16), (4.17) and (4.19) allow for a valid solution, such a solution is not unique because in general N d.f. > 0 (refer to equation (6.6)). One global measure to discriminate among various design solutions and drive toward a possible unique solution is referred to as the surface area efficiency E and is defined as follows:
The numerical procedure outlined in §5 used to determine a sheet reference configuration does not consider any function to minimize or maximize (i.e. it only iteratively corrects an initial guess solution until the presented constraints are satisfied). However, other methods can be utilized to determine a sheet reference configuration that satisfies the presented constraints while optimizing a given function (e.g. maximize surface area efficiency E). Such extensions are application dependent and are recommended for future studies.
Determination of history of folding motion
The determination of a history of folding motion from S 0 towards S is considered here. The kinematic simulation approach for origami with smooth folds and its associated numerical implementation utilized herein are described in detail in [33] . The simulation of the folding motion is executed by incrementally updating the values of the fold angles using guess increments and then iteratively applying any required corrections (see [33] ) such that the resulting folded configuration is valid (i.e. the kinematic constraints presented in equations (2.6)-(2.7) are met for every fold intersection). Letθ ∈ R 3N I E be the vector constructed by collecting the values of the fold angles for each smooth fold at the goal configuration S . The goal fold angle for the interior fold of each edge module is equal to π while those for the exterior folds are equal to −Θ i /2 (refer to figure 11 ). In the reference configuration S 0 , all the fold angles are equal to 0. The simulation of the sheet folding motion uses a fold and adjust approach and is performed in N fol + N adj increments. The N fol guess fold angle increments ( IN l θ ) are simply given as follows:
As the set of fold angles at each increment is subject to iterative corrections to ensure that the kinematic constraints presented in equations (2.6)-(2.7) are met for every fold intersection, the configuration determined at the N fol increment may not exactly correspond to S . Consequently, N adj adjusting increments are subsequently applied. These corrective fold angle increments are calculated as follows:
This framework allows for the determination of an arbitrary number (N fol + N adj − 1) of valid intermediate configurations between S 0 to S , and represents another contribution of this work (i.e. simulation of the motion between reference and goal configurations was not addressed in related works [22, 27] and it is remarked that this work is also applicable to origami with creased folds). The simple set of fold angle increments provided in equations (7.1) and (7.2) is effective for the determination of a folding motion from S 0 to S in all the examples presented in this work. However, it is not guaranteed to work for any arbitrary goal mesh or sheet reference configuration. For information on more complex motion planning procedures for origami the reader is referred to [42] [43] [44] .
Implementation results
In this section, the design method for origami structures with smooth folds proposed herein is now tested against various goal meshes. The numerical solution procedure for the proposed design method described in §5 and for determination of a history of folding motion outlined in §7 are implemented in MATLAB. The MATLAB three-dimensional shaded surface plot function surf is used to visualize the folds while the rigid faces and goal meshes are visualized through filled three-dimensional polygons using fill3. Smooth folds having G 2 continuity are considered in all the examples presented in this section (refer to figure 2c). As stated in §2a, G 2 continuity is exhibited by structures having continuous material composition and thickness across the interfaces between the faces and the smooth folds. Such a choice is taken for example purposes only and the present design method is applicable to origami structures exhibiting any other arbitrary order of geometric continuity. The first example considers a goal mesh M having interior nodes of positive discrete Gaussian curvature [38, 45] and is presented in figure 18a . A reference configuration S 0 determined using the proposed design method and the corresponding goal configuration S are shown in such a figure. A goal mesh having interior nodes of negative discrete Gaussian curvature is considered in figure 18b . Variations of the goal mesh shown in figure 18a and their determined sheet reference configurations are shown in figure 19 . Using the kinematic simulation approach presented in §7, it is verified that each sheet reference configuration in figure 19 folds towards their corresponding goal configuration S , although not shown here for the sake of brevity.
To illustrate the non-uniqueness of determined sheet reference configurations discussed in §6, three determined sheet reference configurations associated with a single goal mesh are presented Values of surface area efficiency E, defined in equation (6.8) , for the determined sheet reference configurations are also included in figure 20 . An example of a torus goal shape is provided in figure 21 . Figure 21a shows two different discretizations of the torus goal shape. Planar sheet reference configurations for both discretizations are obtained using the proposed design method and are shown in figure 21b . The determined history of folding motion of one of the sheet reference configurations is shown in figure 21c . Furthermore, figure 21d-f shows the successful design/simulation results for a goal mesh associated with a sinusoidal tessellation.
It is remarked that the proposed method is not limited to triangulated meshes as the only condition on the shape of the faces in M is that they must be convex (see Proposition 6.2). To illustrate results for goal meshes having not all triangular faces, figure 22a shows an example associated with a goal mesh comprised of quadrilaterals while figure 22b shows the results for a goal mesh comprised of both octagons and triangles.
Conclusion
A novel method for the design of origami structures with smooth folds is presented in this paper. The method solves the origami design problem of determining the geometry of the planar reference configuration of a single sheet including a pattern of smooth folds that allow for the approximation of a three-dimensional goal mesh via folding. A description of the design variables, design constraints, and a numerical solution procedure are provided. Furthermore, a history of folding motion from the determined sheet reference configuration to a folded configuration that approximates the goal mesh is also determined. For origami design problems in which the goal shape is a not a polyhedral surface (e.g. a smooth surface), the process to determine a mesh discretization of such a surface before the utilization of the method presented in this paper must be addressed. Multiple algorithms for obtaining polygonal mesh discretizations of smooth surfaces are available in the literature [46, 47] .
A number of conclusions can be drawn based on the developed theory and the obtained results. First, the design method successfully provides fold patterns that can be realized with diverse engineering materials (e.g. metals, glassy polymers, active materials) due to the consideration of arbitrary order of continuity G n at the folds, as opposed to G 0 creased folds idealizations available in the literature. The method was tested against goal meshes of various geometries and complexities, yielding successful results for each. Second, comprehensive origami design/simulation is achieved using the presented framework that includes both the design
